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Since the entropy of stationary black holes in Horndeski gravity will be modified by the non-minimally
coupling scalar field, a significant issue of whether the Wald entropy still obeys the linearized second law of
black hole thermodynamics can be proposed. To investigate this issue, a physical process that the black hole
in Horndeski gravity is perturbed by the accreting matter fields and finally settles down to a stationary state
is considered. According to the two assumptions that there is a regular bifurcation surface in the background
spacetime and that the matter fields always satisfy the null energy condition, one can show that the Wald entropy
monotonically increases along the future event horizon under the linear order approximation without any specific
expression of the metric. It illustrates that the Wald entropy of black holes in Horndeski gravitational theory
still obeys the requirement of the linearized second law. Our work strengthens the physical explanation of Wald
entropy in Horndeski gravity and takes a step towards studying the area increase theorem in the gravitational
theories with non-minimal coupled matter fields.
I. INTRODUCTION
In general relativity, the area theorem of black holes which
states that the area of the event horizon will never decrease
during physical processes has been demonstrated by Hawk-
ing [1]. From the theorem, Bekenstien [2] proposed a con-
jecture firstly that the area of the event horizon may be iden-
tical to the entropy of black holes. Subsequently, Hawking
[3] first proved the temperature of black holes is proportional
to the surface gravity, while the entropy can be written as
SBH = A/4, which is called Bekenstein-Hawking entropy. It
implies that black holes can be regarded as an adiabatic sys-
tem in the thermodynamics. Furthermore, the four laws of me-
chanics for black holes have been constructed [4, 5]. The two
profound laws in the four laws of mechanics are the first and
the second law. The first law can be expressed as dE = TdS
for stationary black holes, whereE is the Killing energywhich
can be measured in corotating coordinates, T is Hawking tem-
perature, and S is the entropy of black holes. The second law
is stated that the entropy of the black hole will increase irre-
versibly. For the generalized second law of black holes, the
entropy does not only contain Bekenstein-Hawking entropy,
it demands that the sum of the entropies of the horizon and
the matter outside black holes, S = SBH + Sout, will always
increase with physical processes [6].
However, for any generally covariant theory of gravity, a
question of whether black holes in the corresponding gravita-
tional theory can be considered as a thermodynamic system as
well will be naturally raised. From this question, the modified
first law for the equilibrium state of black holes in any diffeo-
morphism invariant gravitational theory has been established
based on the Iyer-Wald formalism [7, 8]. In the modified first
law, the entropy is called the Wald entropy, and it is no longer
proportional to the area of the event horizon. If we recognize
that the gravitational dynamics of black holes strongly con-
nects to the thermodynamics for any diffeomorphism invariant
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gravitational theory, the validity of the four laws of mechan-
ics should be examined again, especially the second law. Fol-
lowing this perspective, the generalized second law for other
kinds of black holes has been investigated. Using the method
of the field redefinition, it is shown that the Wald entropy for
black holes in the f (R) gravity obeys the requirement of the
second law [9, 10]. However, there is still existing the situa-
tion that the entropy of black hole does not obey the second
law of black hole thermodynamics. For the Lagrangian which
contains higher-order curvature terms, the second law can be
violated in the case of the two black holes merging [11]. How-
ever, Ref. [12] has been argued that if the quantum corrections
of the black hole is involved, it is sufficient to examine the
second law under the first order approximation in an adiabatic
process. When only concerning the first-order approximation,
the second law of black holes in Gauss-Bonnet and Lovelock
gravitational theories have been investigated [13, 14]. Subse-
quently, a general proof of the linearized second law in higher
curvature gravity has been proposed by Wall [15], and the ex-
pression of the entropy which satisfies the linearized second
of black holes in F(Riemann) gravity has been obtained.
Although the general relativity is the most successful theory
to describe the interaction of the gravity, it cannot provide a
satisfactory interpretation of some cosmological phenomena,
such as the origin of the early Universe, the accelerated expan-
sion, and the present of the dark matter and the dark energy.
However, the scalar field is considered as a suitable candidate
to solve these phenomena [16]. From this perspective, several
cosmological models which contain the correction of scalar
fields have been proposed [17–20]. Recently, the Horndeski
gravitational theory, which contains a non-minimally coupled
axionic scalar field, has received much attention through their
application to cosmology in Galileon theories [21]. Although
the Lagrangian involves more than two derivatives, the field
equations and the stress-energy tensor involve no higher than
second derivatives of the fields [22, 23]. On the other hand,
since the scalar field couples to the Riemann curvature in
Horndeski gravity, the formalism of the Wald entropy will be
influenced by the scalar field. Therefore, it is natural to ask
whether the Wald entropy of black holes in Horndeski grav-
2ity still obeys the second law of black hole thermodynamics.
Following the line of through in Ref. [14], we would like
to examine the linearized second law of the Wald entropy in
Horndeski gravity under the linear-order approximation.
The organization of the paper is as follows. In Sec. II, we
introduce the Horndeski gravitational theory and the definition
of the Wald entropy. In Sec. III, considering the matter fields
perturbation, while according to the two assumptions that a
regular bifurcation surface exists in the background spacetime
and that the matter fields satisfy the null energy condition,
we investigate whether the Wald entropy for black holes in
Horndeski gravitational theory obeys the second law under the
linear order approximation. The paper ends with discussions
and conclusions in Sec. IV.
II. HORNDESKI GRAVITATIONAL THEORY AND WALD
ENTROPY
We consider the (n + 2)-dimensional Horndeski gravita-
tional theory minimally coupling to some additional matter
fields which satisfy the null energy condition. The action is
given by
I = IHorn+ Imt (1)
with
IHorn=
1
16pi
∫
dn+2x
√−g
[
R− 1
2
(
β gab−αGab
)
∇aχ∇bχ
]
,
(2)
where Imt is the action of the additional matter fields, Gab =
Rab− (1/2)Rgab is the Einstein tensor, χ represents the scalar
field, while α and β are the coupling constants between the
gravity and the scalar field. The equation of motion of the
gravitational part is given by
Hab = 8pi
(
T
(β )
ab +T
mt
ab
)
, (3)
in which Tmtab is the stress-energy tensor of the additional mat-
ter fields, and we have denoted
T
(β )
ab =
β
16pi
(
∇aχ∇bχ − 1
2
gab∇cχ∇
cχ
)
(4)
and
Hab = Gab− α
2
[
R
2
∇aχ∇bχ− 2∇cχ∇(aχR cb)+∇a∇bχ∇2χ
−Racbd∇cχ∇d χ−∇a∇cχ∇b∇cχ + 1
2
Gab (∇χ)
2
]
− α
4
gab
[(
∇c∇d χ
)
(∇c∇d χ)−
(
∇2χ
)2
+ 2Rcd∇cχ∇d χ
]
.
(5)
From the above expressions, we can see that T
(β )
ab is exactly
the stress-energy tensor of the minimally coupled scalar field,
while it is required that the scalar field should satisfy the null
energy condition, i.e., T
(β )
ab k
akb ≥ 0 for any null vector along
the future direction ka. Therefore, the term which contains
the minimally coupled scalar field can be collected into the
additional matter fields, and the equation of motion can be
rewritten as
Hab = 8piTab , (6)
where
Tab = T
(β )
ab +T
mt
ab
(7)
represents the total stress-energy tensor, and it is further re-
quired that the total stress-energy tensor should satisfy the null
energy condition as well.
For stationary black holes, the entropy is given by the Wald
entropy
S =−2pi
∫
dny
√
γ
∂L
∂Rabcd
ǫabǫcd , (8)
whereL is the Lagrangian of the Horndeski gravitational the-
ory, ǫab is the binormal on a specific slice of the event hori-
zon,
√
γ is the volume element of any slice of the horizon,
and y labels the transverse coordinate of the cross section of
the horizon. According to the definition of the Wald entropy
and Eq. (2), the Wald entropy of black holes in Horndeski
gravitational theory is obtained as
S =
1
4
∫
s
dny
√
γ
(
1− α
4
DaχD
aχ
)
, (9)
where the symbol s represents the cross section of the event
horizon, and DaXa1a2···= γ
b
a γ
b1
a1 γ
b2···
a2··· ∇bXb1b2··· for any spatial
tenor Xa1a2··· is denoted as the spatial operator of the covariant
derivative which is compatible with the induced metric γab,
i.e., Dcγab = 0. According to the expression of the Wald en-
tropy, we can see that the entropy of the stationary black hole
is modified by the scalar field and is no longer proportional
to the area of the event horizon. Furthermore, a meaningful
question of whether the Wald entropy in Horndeski gravity
still obeys the second law of the thermodynamics can be nat-
urally proposed.
III. EXAMINING THE LINEARIZED SECOND LAW FOR
BLACK HOLES IN HORNDESKI GRAVITY
In the following, a slow accreting process that the matter
fields pass through the event horizon to perturb the black hole
is considered. For the process, it should be required that the
spacetime geometry of the black hole finally settles down to
a stationary state after the perturbation, and the matter fields
satisfy the null energy condition as well. The event horizon
is denoted as H , which is a n-dimensional null hypersurface
and can be generated by the null vector field ka = (∂/∂λ )a. If
λ can be chosen as an affine parameter, the null vector field ka
obeys the geodesic equation kb∇bk
a = 0. For any cross sec-
tion on the event horizon, a basis with the null vector fields
{ka, la,ya} can be constructed, where la is a second null vec-
tor. Since la and ka are both null vectors, they should satisfy
the following relation
kaka = l
ala = 0, k
ala =−1 . (10)
3Using the two null vectors, the binormal of the cross section
is given by ǫab = 2k[alb], and the induced metric on any cross
section of the future event horizon is defined as
γab = gab + 2k(alb) . (11)
The relationship between the null vectors and the induced
metric can be expressed as kaγab = l
aγab = 0.
Since the extrinsic curvature of the event horizon H is de-
fined as
Bab = γ
c
a γ
d
b ∇ckd , (12)
the evolution of the inducedmetric along the future event hori-
zon can be given as [14]
γ ca γ
d
b Lkγcd = 2
(
σab +
θ
n
γab
)
= 2Bab , (13)
where σab and θ represents the shear and the expansion of
the event horizon respectively. The evolution of the extrinsic
curvature along the horizon can also be obtained as [24]
γ ca γ
d
b LkBcd = BacB
c
b − γ ca γ db Rec f dkek f . (14)
From this result, the Raychaudhuri equation can be given by
dθ
dλ
=−θ
2
n
−σabσab−Rkk , (15)
where we have used the conventionAkk = Aabk
akb for any ten-
sor Aab.
To describe the perturbation of the dynamical fields, we in-
troduce a sufficient small parameter ε , which represents the
order of the approximation of the perturbation. From the small
parameter, we assume that Bab ∼ θ ∼ σab ∼ ∂λ χ ∼ ∂ 2λ χ ∼
O(ε), where we have denoted ∂λ = k
a∂a = ∂/∂λ . In the fol-
lowing, the symbol “≃” will be used to represent the identity
under the linear order approximation.
Under the first-order approximation of the perturbation, the
linear version of the Raychaudhuri equation can be approxi-
mately written as
dθ
dλ
≃−Rkk . (16)
While Eq. (14) under the first-order approximation can also
be simplified as
γ ca γ
d
b LkBcd ≃−γ ca γ db Rec f dkek f . (17)
In the following, we will examine the linearized second law
of the Wald entropy for Horndeski gravity in the above dy-
namical geometry. The expression of the Wald entropy can be
simplified as
S =
1
4
∫
s
dny
√
γ (1+ρ) , (18)
where
ρ =−α
4
DaχDaχ (19)
is defined as the entropy density that comes from the interac-
tion between the gravity and the non-minimally coupled scalar
field. The rate of change of the entropy along the future hori-
zon is defined by
dS
dλ
=
1
4
∫
s
dny
√
γΘ , (20)
where Θ represents the generalized expansion of the event
horizon. According to Eq. (18), the change rate of the entropy
can also be expressed as
dS
dλ
=
1
4
∫
s
dny
√
γ [Lkρ +θ (1+ρ)] , (21)
where the Lie derivative Lk is commutative to the induced
covariant derivative Da because the entropy density ρ is an
intrinsic quantity on the hypersurface s. For the first term on
the right-hand side of Eq. (21), it can be calculated as
∫
s
dny
√
γLkρ =
α
2
∫
s
dny
√
γ
[
BabDaχDbχ−DaχDa (∂λ χ)
]
=
α
2
∫
s
dny
√
γ
[
BabDaχDbχ + ∂λ χD
2χ−Da (Daχ∂λ χ)
]
,
(22)
where we have used the definition of the extrinsic curvature in
the first step. Using the Stokes’ theorem, one can see that the
last term only contributes a boundary term. If we assume that
the cross section of the event horizon is compact, the boundary
term can be neglected directly. Therefore, the result of Eq.
(22) can be simplified as
∫
s
dny
√
γ
dρ
dλ
=
α
2
∫
s
dny
√
γ
(
BabDaχDbχ + ∂λ χD
2χ
)
.
(23)
According to the definition, one can obtain the expression of
the generalized expansionΘ as
Θ=
α
2
(
BabDaχDbχ + ∂λ χD
2χ
)
+θ (1+ρ) . (24)
Under the first-order approximation, the rate of change of the
generalized expansion can be expressed as
dΘ
dλ
≃ α
2
[
(LkBab)D
aχDbχ + ∂ 2λ χD
2χ
]
+
dθ
dλ
(1+ρ)
≃ α
2
[
∂ 2λ χD
2χ− kckdRacbdDaχDbχ
]
− (1+ρ)Rkk ,
(25)
where the linear version of the Raychaudhuri equation and
Eq. (17) have been used in the last step. Following a similar
considering in Ref. [12], the rate of change of the generalized
expansion can be written as
dΘ
dλ
≃−8piTkk +Ekk . (26)
To investigate whether the Wald entropy of black holes in
Horndeski gravity obeys the linearized second law, we just
4need to demonstrate that Ekk can be neglected under the first-
order approximation. It is because when considering the null
energy condition Tkk ≥ 0, Eq. (26) can reduce to
dΘ
dλ
≤ 0 (27)
under the first-order approximation. Since the black hole will
become a stationary state after the matter fields perturbation as
mentioned above, Θ should vanish in the asymptotic future.
It implies that the value of Θ must be positive in the future
null direction, and the entropy of the black hole will increase
along the future horizon under the first-order approximation.
According to the above discussions, to examine whether the
Wald entropy for black holes in Horndeski gravity obeys the
second law, we should only demonstrate that Ekk vanishes un-
der the first-order approximation of the perturbation.
From Eq. (25), the specific expression of Ekk in Horndeski
gravitational theory under the first-order approximation can
be expressed as
Ekk ≃Hkk−(1+ρ)Rkk+ α
2
[
∂ 2λ χD
2χ− kckdRacbdDaχDbχ
]
.
(28)
According to the specific expression of the equation of mo-
tion, the first two terms on the right-hand side of Eq. (28) can
be written as
Hkk− (1+ρ)Rkk ≃−α
2
∂ 2λ χ∇
2χ +
α
2
kckdRacbd∇
aχ∇bχ
+αkbRbc∇
cχ∂λ χ +
α
2
kakb (∇a∇cχ)(∇b∇
cχ) .
(29)
For the first term in Eq. (29), using the definition of the in-
duced metric on the cross section of the event horizon, ∇2χ
can be decomposed as
∇2χ =−2kalb∇a∇bχ +D2χ , (30)
and the first term in the result of Eq. (29) can be expressed as
− α
2
∂ 2λ χ∇
2χ =−α
2
∂ 2λ χ
(
D2χ− 2kalb∇a∇bχ
)
. (31)
For the second term on the right-hand side of Eq. (29), ac-
cording to the definition of the induced metric as well, the
covariant derivative of the scalar fields can be decomposed as
∇aχ =−la∂λ χ− kalb∇bχ +Daχ . (32)
Using Eq. (32), the second term under the first-order approx-
imation can be given as
α
2
kckdRacbd∇
aχ∇bχ
≃ α
2
kckdRacbdD
aχDbχ−αlakckdRacbd∂λ χDbχ .
(33)
In the following, we also assume that the background space-
time has a regular bifurcation surface. This additional as-
sumption implies that the spacetime geometry on the bifur-
cation surface satisfy the boost symmetry, which demands
that the number of ka in the expression should be equal to
the number of la. For the second term on the right-hand side
of Eq. (33), since ∂λ χ is proportional to a first-order quantity,
lakckdRacbdγ
b
e should be evaluated on the background space-
time. According to the dimensional analysis, one can find that
this quantity satisfy the following relation
lakckdRacbdγ
b
e ∝
1
λ
. (34)
From the above expression, we can clearly see that this quan-
tity will diverge at λ = 0. To ensure the regularity of the bi-
furcation surface in the background spacetime and satisfy the
boost symmetry, the second term on the right-hand side of Eq.
(33) can be neglected directly. Therefore, Eq. (33) can be
simplified as
kckdRacbd∇
aχ∇bχ ≃ kckdRacbdDaχDbχ . (35)
Based on the decomposition of Eq. (32), the third term on the
right-hand side of Eq. (29) can be written as
αkbRbc∇
cχ∂λ χ ≃−αRkkla∇aχ∂λ χ +αkbRbcDcχ∂λ χ ≃ 0 ,
(36)
under the first-order approximation, where we have used the
fact Rkk ∼ ∂λ χ ∼ O(ε), and kaRacγcb vanishes in the back-
ground spacetime because it does not satisfy the requirement
of the boost symmetry as well. For the last term of (29), we
have
α
2
kakb (∇a∇cχ)(∇b∇
cχ) =
α
2
(ka∇a∇cχ)γ
cd(kb∇b∇d χ)
−α (kakc∇a∇cχ)(kbld∇b∇d χ)
=
α
2
(ka∇a∇cχ)γ
cd(kb∇b∇d χ)−α∂ 2λ χ(kbld∇b∇d χ) .
(37)
For the first term in Eq. (37), we have
(ka∇a∇cχ)γ
cd
= γcd∇c (∂λ χ)− γcd (∇aχ)∇cka
= γcd∇c (∂λ χ)− γcd (∇cka)Daχ
+ γcd la∇cka∂λ χ +
(
lb∇bχ
)
ka (∇cka)γ
cd
= γcd∇c (∂λ χ)− γcd (Daχ)Bca + γcd la∇cka∂λ χ
+
1
2
(lb∇bχ)Dc (k
aka)γ
cd
= γcd∇c (∂λ χ)− γcd (Daχ)Bca + γcd la∇cka∂λ χ
∼ O (ε) ,
(38)
According to the result of Eq. (38), we can see that the first
term in the result of Eq. (37) is a second-order quantity. Since
we only consider the first-order approximation, the first term
on the right-hand side of Eq. (37) can be neglected directly in
our research. Therefore, the last term in the result of Eq. (29)
can be reduced as
α
2
kakb (∇a∇cχ)(∇b∇
cχ)≃−α∂ 2λ χ
(
kbld∇b∇d χ
)
. (39)
5Substituting the results of Eq. (30), Eq. (35), Eq. (36), and
Eq. (39) into Eq. (29), we can further obtain
Hkk − (1+ρ)Rkk
≃−α
2
∂ 2λ χD
2χ +
α
2
kckdRacbdD
aχDbχ .
(40)
Finally, substituting Eq. (40) into Eq. (28), we can obtain
Ekk ≃ 0 . (41)
According to the above discussion, this result illustrates that
the Wald entropy of black holes in Horndeski gravity obeys
the second law of the black hole thermodynamics at the linear
order approximation.
IV. CONCLUSIONS
The entropy of stationary black holes is modified by adding
a scalar field term in Horndeski gravity because of the ex-
istence of non-minimally coupled scalar field, where the ex-
pression of the entropy is given by the Wald entropy. Based
on it, an issue of whether the Wald entropy of black holes
in Horndeski gravitational theory can still obey the linearized
second law of black hole thermodynamics is naturally pro-
posed. In order to investigate this issue, a physical process
that the black hole in Horndeski gravity is perturbed by the
accreting matter fields and finally settles down to a stationary
state is considered. Subsequently, two assumptions are sug-
gested, which state that the matter fields always satisfy the null
energy condition, and there is a regular bifurcation surface in
the background spacetime. According to the Raychaudhuri
equation, we demonstrate that the change rate of the general-
ized expansion along the future horizon is negative. Since the
final state of the black hole after the perturbation is demanded
as a stationary state, the value of the generalized expansion
must be positive according to the result. It indicates that the
entropy of the black holes in Horndeski gravitational theory
continuously increases along the future event horizon, and the
Wald entropy of black holes in Horndeski gravity satisfies the
linearized second law. This result reinforces the physical ex-
planation of the Wald entropy in Horndeski gravity and takes
a step towards discussing the second law of thermodynamics
in the gravitational theories with non-minimal couplingmatter
fields.
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